Abstract. A mathematical model for emerging contaminants sorption in multispecies biofilms, based on a continuum approach and mass conservation principles is presented. Diffusion of contaminants within the biofilm is described using a diffusion-reaction equation. Binding sites formation and occupation are modeled by two systems of hyperbolic partial differential equations are mutually connected through the two growth rate terms. The model is completed with a system of hyperbolic equations governing the microbial species growth within the biofilm; a system of parabolic equations for substrates diffusion and reaction and a nonlinear ordinary differential equation describing the free boundary evolution. Two real special cases are modelled. The first one describes the dynamics of a free sorbent component diffusing and reacting in a multispecies biofilm. In the second illustrative case, the fate of two different contaminants has been modelled.
Introduction
Biofilms can be defined as a form of microbial ecosystem constituted by colonies of microorganisms, embedded in a primarily polysaccharides matrix and attached to a solid surface or in suspensions, e.g. flocs or granules. The biofilm matrix is composed by extracellular material, mostly self-produced by the organisms. This material consists of a conglomeration of different types of bio-polymers, known as extracellular polymeric substances (EPS). The EPS, and thus, the composition of the biofilm itself, can vary greatly among biofilms, depending on the microbial species constituting the system, the temperature and the availability of nutrients. Overall, the biofilm matrix is characterized by the presence of proteins, lipids, and the products of bacterial lisys and decay such as nucleic acids, or external DNA [1; 2] .
The heterogeneity of the biofilm matrix provides to the biofilms several properties. These properties can be classified as mechanical: adhesion to a surface, aggregation of bacteria cells, protective barrier; biological: digestion of exogenous macromolecules, nutrient storage; and physico-chemical: sorption of organic compounds, and inorganic ions. The latter allow to use the biofilm matrix as a biosorbing agent by accumulating xenobiotics or toxic metal ions from the environment. This process known as biosorption can be defined as the complex combination of processes aimed at the entrapment of a substance onto the surface of a living/dead organism or on EPS [3; 4] .
In the last years there has been a growing interest in a new class of contaminants, the so called emerging contaminants. These compounds that have only recently been categorised as contaminants, include a wide array of substances such as xenobiotic ( pharmaceuticals and personal care products), pesticides, veterinary products, industrial compounds/byproducts, food additives, engineered nano-materials, and heavy metals ions [5] . During the last years, extensive experimental studies have been carried out on the immobilization of some categories of emerging contaminants by biosorption [3; 6] . Many biological materials are suitable for maintaining biosorption due to the high efficiency, cost effectiveness and particular affinity with these pollutants [3] . The potential of microbial biomass as biosorbents has been largely studied and reviewed [7] . Moreover, since most microorganisms live in form of biofilms, the different nature of the cell agglomerate and the heterogeneous composition of biofilm matrix further contribute to biosorption [1] .
Despite the growing interest of the scientific community, the application of biosorption at the industrial scale has not been yet exploited, mainly due to the complexity of the mechanisms involved in this technique. Therefore, a mathematical model appears as a support tool to gain essential information for the identification of the key factors affecting biosorption efficiency and stability [6] .
Mathematical researches on biofilms show increasing trend in the last years, due also to their importance in engineering, biological and industrial applications [8; 9; 10; 11] . In spite of this extensive modeling activity, little attention has been directed towards mathematical modeling of sorption phenomena in multispecies biofilms. The first attempt, in the framework of continuous models, was recently presented in [6] , where the authors proposed a mathematical model for EPS metal biosorption that describes biofilm growth dynamics, including the spatial distribution of microbial species, substrate concentrations and EPS formation. The authors modeled the diffusion of the free metal ions within the biofilm and their further sorption on the EPS biofilm component by using a diffusionreaction equation based on the coupled diffusion-adsorption approach for thin film firstly introduced in [12] .
In this proposed work, a general model for the sorption of emerging contaminants on the several components, EPS, active biomass and inert, constituting the biofilm matrix is introduced. In particular, the hyperbolic partial differential equations describing the dynamics of the free binding sites and the occupied binding sites, for each biofilm components and the parabolic partial differential equations, describing the diffusion-reaction of the contaminants within the biofilm have been derived. These equations have been coupled with the equations describing biofilm growth and substrate uptake in order to define the complete problem. The four systems of partial differential equations result strictly connected through the reaction terms, defined in this work. It is interesting to note that the coupled diffusion-adsorption model introduced in [12] represents a special case of the mathematical model introduced in this work [Remark1] . The approach is based on a continuum model in one space dimension and then generalized to three dimension with the intention of predicting biofilm growth, spatial distribution of microbial species, substrate trends, attachment and detachment, and in particular the formation of new free binding sites and occupied binding sites, the diffusion of sorbent contaminants, and the spatial distribution of sorbed contaminant in the biofilm. The empirical observation shows that the biofilm has a complex and heterogeneous structure and each component is characterized by the presence of selective binding sites for a specific sorbent contaminant. The model takes into account the sorption of a specific contaminant µ i on a specific binding site ϑ i characteristic of the related biofilm component X i , Figure 1 . The formation of new (free) binding sites has been related to the formation of new biofilm matter. The occupation of the free binding sites, and thus the formation of occupied sites has been incorporated in the model by considering a dependance of the sorption rate on the concentration of free sorbent contaminants and free binding sites. The diffusion and reaction of free sorbent contaminants has been described by using a diffusion-reaction equation, supposing a Fick's law diffusion and connecting the reaction of contaminants with the occupation of binding sites. Notably, the formation of new binding sites has been modeled by a hyperbolic partial differential equations (PDEs) system characterized by the presence of two reaction terms. The first one, related to the bio-conversion of the substrates, models the formation of the new binding sites. The second one represents the occupation rate of the free binding sites. The occupation of the free sites is modeled by a system of hyperbolic PDEs as well. This system is connected to the previous hyperbolic equations through the reaction term which is the opposite of the occupation rate previously defined. The diffusion and reaction of the free sorbent contaminant is described by a system of parabolic PDEs where the reaction terms model the sorption rate of the free sorbent contaminants on the free sites. The sorption rate and the occupation rate are connected through a yield and the density of occupation binding sites. Notably, the equations introduced in this work follow from mass conservation principles.
Finally special models have been defined in order to model real cases. In particular, two cases have been considered. The first one (Case I) describes the dynamics of a free sorbent component diffusing in a multispecies biofilm. This application is organized in two parts, case Ia and case Ib. Case Ia is focused on the effect of the binding sites density on the sorption phenomenon. In application Ib the effect of different adsorption constants has been evaluated. In the second special case, case II, the fate of two different contaminants has been evaluated. In particular, the adsorption of two different sorbent compounds on two biofilm components has been evaluated. Numerical simulations confirm the capability of the model to predict sorbed contaminants distribution into the biofilm, free and occupied binding sites formation, percentage of occupied sites, biomass distribution, substrate concentration profile over biofilm depth and biofilm thickness.
The paper is organized as follows. In Section 2, in the framework of continuum mechanics, the equation governing the described phenomena are derived by following conservation mass principles. Section 3 introduces the complete model and specifies the reaction terms for each equation. Section 4 describes the two experimental cases to which the new model is applied and presents the numerical results. Finally, in Section 5 we discuss the conclusions.
Mathematical Model
2.1. Equation for biofilms and substrates. In the framework of continuum approach, the evolution of biofilm is modeled through the concentration of the biofilm components, X i pz, tq, i " 1, ..., n, and the concentration of the substrates, S j pz, tq, j " 1, ..., m. By considering multispecies biofilm growth in one space dimension and denoting by z the biofilm growth direction, assumed perpendicular to the substratum located at z " 0, the dynamics of the system are governed by the following equation:
where ρ i denotes constant density, Lptq denotes biofilm thickness, free boundary; r M,i is the specific growth/formation rate; X i " ρ i f i where f i is the volume fraction of biofilm particulate components i.
upz, tq is the velocity of the microbial mass, governed by the following equation
The differential equation for Lptq is obtained by the global mass balance and gives:
where σ a ptq is the attachment biomass flux from bulk liquid to biofilm and σ d pLptqq denotes the detachment biomass flux from biofilm to bulk liquid. The hyperbolic partial differential equations (2.1) describe the evolution, in space and time, of microbial species in the biofilm as a convective flux regulated by the bio-conversion of organic substrates. The equation system (2.1) derives from local mass balance. It was first presented in [13] and introduced in the general form above in [14] . It is important to note that equation (2.1) is generally used to describe the dynamics of all the particulate components, constituting the biofilm, including inert biomass and EPS.
Diffusion and bioreaction of substrates within biofilms is governed by the following semi-linear parabolic equations
where r S,j is the conversion rate of substrate j, and D S,j denotes the diffusivity coefficient of substrate j.
Initial-boundary conditions for equations (2.1) and (2.2) are prescribed as (2.5)
where the functions X i0 pzq, i " 1, ..., n, represent the initial concentrations of microbial species and equation (2.5) 2 is a no flux condition between substratum and biofilm.
Suitable initial-boundary conditions for equation (2.4) are:
No substrate flux is assumed at the substratum z " 0,
On the free boundary z " Lptq, Dirichlet conditions
or Neumann conditions
or mixed conditions can be prescribed based on the specific characteristics of the system to be modeled. In this work the conversion rate of substrate r S,j and the specific growth/formation rate of the biofilm components depend also on the concentration of the sorbent contaminants µ i pz, tq, i " 1, ..., n,
where, X " pX 1 , ..., X n q, S " pS 1 , ..., S m q, µ " pµ 1 , ..., µ n q. The key role of µ i in the dynamics of the system is apparent as the growth of the biofilm and the uptake of the substrates depend on µ i . As mentioned in section 1, the dynamics of µ i depend not only on microbial components and substrates, but also on the binding sites evolution. The equations for the sorbent contaminants µ i and for the binding sites will be derived and introduced in the next sections.
2.2.
Equations for binding sites. Consider a control volume pz 2´z1 qA, with A representing a constant cross-sectional area, and denote with w i pz, tq " upt, zqN i ϑ i pt, zq the biomass flux. The mass balance for the binding sites
where the product N i ϑ i is the free binding sites concentration, with N i that represent the free binding site density. Differentiation of equation (2.10) with respect to z 2 and setting z 2 " z leads to
Eq (2.11) models the fate of the free binding sites into the biofilm. By using similar reasoning it is possible to obtain the following equation
that models the fate of the occupied binding sites fractions,θ i into biofilm.
The following initial conditions are considered for Eq. (2.11) and Eq. (2.12)
where the functions ϑ i0 pzq andθ i0 pzq, i " 1, ..., n, represent the initial binding site concentrations and eq. (2.13) 3 is a no flux condition between substratum and biofilm.
2.3. Equations for contaminants. Consider a control volume pz 2´z1 qA, with A representing a constant cross-sectional area, and denote with w i pz, tq the emerging contaminant flux. The mass balance for µ i , i " 1, ..., n, is
(2.14)
where r D,i represents the adsorption rate of emerging contaminants µ i . Differentiation of equation (2.14) with respect to z 2 and setting z 2 " z leads to
According to Fick's first law, the flux of emerging contaminant i within the biofilm is proportional to the diffusivity D C,i and may be expressed as
Substituting eq. (2.16) into equation (2.15) leads to (2.17)
where: µ " pµ 1 , ..., µ n q; Y ADS is the yield of the contaminant µ i and Occupied binding sitesθ i ; D C,i denotes the diffusivity coefficient of contaminant i; Equations (2.17) govern the diffusion and reaction through sorption of a special contaminant µ i within biofilms. The sorption mechanisms on the biofilm components (e.g active biomass, inert residual, and EPS) may differ qualitatively and quantitatively. This is taken into account by considering different adsorption rates and mechanisms modeled by r D,i pz, t, µ, ϑ,θqq. Initial and boundary conditions for equations (2.17) have to be prescribed.
Typical conditions are
which reproduce the specific case of a contaminant µ i present in the bulk liquid at a given concentration µ iL ptq and no substrate flux at the substratum z " 0. Different initial and boundary conditions may be also prescribed depending on the specific problem discussed.
2.4. 3D Model. The 1D model presented in the previous sections can be generalized to 3D by starting from the model described in [15] . Denote by B t the 3D region occupied by the biofilm and let x " px 1 , x 2 , x 3 q be a generic point. Then,
If u "´∇p, where p denotes the pressure within the biofilm, the equations governing biofilm and substrate evolution are written as
Complete model
The free boundary value problem is now completely described by the following set of differential equations: the hyperbolic eqs. (2.1) for the biofilm volume fractions and for binding sites evolutions (2.6)-(2.7), the non-linear parabolic eqs. (2.16) for metals concentrations, the semi-linear parabolic eqs. (2.11) for substrate concentrations and the two ordinary eqs. for the velocity of the microbial mass (2.2) and the free boundary evolution (2.3).
The complete model takes the following form:
The index in system (3.1)-(3.7) are specified as follows. Designate the active microbial species by the indexes i " 1, .., N ; inert materials by the index i " N`1; EPS by the index i " N`2.
The kinetic terms r M i pz, t, X, S, µq in equation (3.1) for the active microbial species X i can be expressed as follows:
Inert biomass results from the natural decay of the active biomasses. Therefore the reaction term is expressed by (3.9) r M,N`1 "
The formation rate of EPS resulting from the microbial metabolism is
The terms a i are the specific growth rate of the active biomass X i due to the uptake of substrates; b i represent the respiration rates for the single microbial species X i ; c i are the decay rates for the bacterial species.
A coupled diffusion adsorption process has been considered for the contaminant µ i . A reversible mechanism for bio sorption has been considered. The sorbent contaminant adsorption-desorption terms are
where k ADS,i denotes the adsorption constant, k DES,i denotes the desorption constant.
Remark 1.
Let us consider a biofilm characterized by no-growth condition, by the absence of attachment and detachment phenomena and by the presence of a single sorbent contaminant µ wich adsorb equally on all the different biofilm components. Under these condition the growth velocity upz, tq of the microbial biomass, the attachment biomass flux σ a ptq and the detachment biomass flux σ d pLptq, tq are equal to 0. Considering upz, tq " 0 in Eqs. (2.12)
Summing (3.12) on i yields (3.14)
Eq. 3.14 is the coupled diffusion-adsorption approach for thin film firstly introduced by Bartlett and Gardner [12] . Thus the model presented in [12; 6] can be considered a special case of the model presented in this work.
Mathematical modeling of real Systems
This section is devoted to the mathematical modelling of two special cases of particular biological and engineering interest. The two models presented refer to special biofilm systems interacting with sorbent contaminants. For each system analyzed, model equations have been defined and numerical simulations have been reported. In the first case (Case 1), the dynamics of a single sorbent contaminant have been modeled. In particular, the effect of binding site density (Case 1a) and the effect of different adsorption rates (Case 1b) have been analyzed. In the second case (Case 2), the same biofilm configuration system of case 1 has been assumed. However the dynamics of two different contaminants including their sorption on two different biofilm components have been analyzed.
For all the systems analyzed, numerical solutions to the free boundary problem stated in Section 3 have been obtained by using the method of characteristics, e.g. [16; 17] . Accuracy was checked by comparison to the geometric constraint ř n i"1 f i pz, tq " 1. Simulations were performed using original software developed for this work.
4.1. Case 1. A heterotrophic-autotrophic competition biofilm system, for ammonia nitrification and organic carbon degradation has been considered. This biofilm system is typical of a urban wastewater treatment plant. EPS production is also taken into account following the approach proposed by [18] . The biomass increase is determined by the metabolism of the dissolved components. The model considers the growth and decay of four different biofilm components, including heterotrophic bacteria X 1 " ρ 1 f 1 , autotrophic bacteria X 2 " ρ 2 f 2 , inert material X 3 " ρ 3 f 3 and EPS X 4 " ρ 4 f 4 . Three substrate, ammonia S 1 , Organic carbon S 2 , and Oxygen S 3 are taken into account. The autotrophs are nitrifying bacteria that grow by consuming ammonia and oxygen. The heterotrophic bacteria uptake organic carbon and oxygen. The two species compete for space and oxygen [13] . The active biomass X 1 and X 2 is consumed via respiration and decay processes, producing residual inert microbial biomass X 3 " X In .
In this first case, one contaminant has been taken into account and its interactions with biofilm matrix components have been studied. In Case 1a four different binding site densities have been considered. The related numerical simulations have been run to asses the influence of sites density on the diffusion of the contaminants within the biofilm and thus on the adsorption phenomenon evolution. In the Case 1b, four different adsorption kinetic constant values have been tested.
For the specific system analyzed here, the kinetic terms r M i pz, t, X, S, µq in equation (3.1) for the biofilm components X 1 , X 2 , X 3 , and X 4 can be expressed as follows:
For the Inert components X 3
while for EPS components X 4
The terms a 1 and a 2 are the specific growth rate of the active biomass X 1 and X 2 due to the uptake of substrates; b 1 and b 2 represent the respiration rates for the single microbial species X 1 and X 2 , respectively. c 1 and c 2 are the decay rates for the heterotrophic (X 1 ) and autotrophic (X 2 ) microorganisms.
They are given by:
where µ max,i denotes the maximum net growth rate for biomass i, k i is the the growthassociated EPS formation coefficient, K i,j the affinity constant of substrate j for biomass i, b m,i the endogenous rate for biomass i, c m,i the decay-inactivation rate for biomass i, F i the biodegradable fraction of biomass i.
The conversion rates of substrates r S,j pz, t, X, Sq in equation (3.7) are expressed by:
where Y i denotes the yield for biomass i. A coupled diffusion adsorption process has been considered for a sorbent component µ 1 " µ. A non-reversible mechanism for contaminant sorption has been considered. The sorbent contaminant adsorption term is (4.14)
For all the dissolved species, substrates and sorbent contaminant, Dirichlet condition on the free boundary have been assumed. In eq. (3.3) governing the free boundary evolution, σ d pLptqq is assumed to be a known function of L and t: where λ is the share constant whose value is reported in Table 1 . No attachment phenomena have been considered for all the simulation performed, thus σ a ptq has been fixed to zero. The stoichiometry and kinetic parameter values used in the model are reported in Table 1. The model outputs are reported in figures 3-9. Numerical simulations demonstrate model capability of predicting biofilm component distributions, occupied and free binding sites fractions, substrate trends, free contaminants profiles over biofilm depth and biofilm thickness. The initial biofilm composition has been defined in Table 2 . In particular, the biofilm is set to be initially constituted by Autotrophic component (39.9%), Heterotrophic component (50%), EPS (10%) and Inert (0.1%) with an initial biofilm thickness of 300 µm. The simulations reproduce the environmental conditions in a wastewater treatment plant. The oxygen concentration in the bulk liquid has been fixed to 8 mg/l, consistent with continuous aerated systems. The concentrations of soluble COD and ammonium in the bulk liquid are fixed on 20 mg/l and 2 mg/l, respectively. Figure 3 shows the evolution of biofilm distribution (A1-A4), total and free binding sites fractions, percentage of occupied sites (B1-B4) and adsorbed and free metal (C1-C4) after 1(A1,B1,C1), 10(A2,B2,C2), 20(A3,B3,C3), 100(A4,B4,C4) days simulation time. In the first numerical simulation a binding site density N b equal to 2 is considered. After 1 day the microbial distribution resembles already a typical heterotrophic autotrophic stratification, with the heterotrophic bacteria dominating the outmost part of the biofilm ( fig. 3 A1) . Free contaminant concentration ( fig. 3 C1-C4 ) shows a parabolic trend decreasing from the right side (bulk liquid) to the left side (substratum). As expected, the accumulation of sorbed contaminant is higher in the external part of biofilm than in the inner part, in agreement with the the adsorption rate dependance on the concentration of the free contaminants (eq.4.13). The percentage of occupied sites is slightly increasing for the first 20 days of time simulation ( fig. 3 B1-B3 ). After 20 days the increase of inert fraction, in the inner part, reduce the fraction of heterotrophic bacteria fraction and then the total amount of the relative free binding sites. This is the reason why the percentage of occupied binding sites is higher than in the external part of the biofilm. Figures 4 shows the evolution of the considered biological system, for the binding site density N b " 10. Differently from the previous simulation, the biofilm is not fully penetrated by the free contaminant ( fig. 3 C1-C4 ). This determines the accumulation of the sorbed contaminant only in the external layer of the biofilm ( fig. 3 B1-B4 ). Due to the higher binding site density the percentage of the occupied binding sites is almost equal to 1%. It is interesting to note that, the concentration of sorbed contaminants on the free boundary after 20 days simulation time is constant for all the four different simulations ( fig. 3-6 C2-C4 ). This occurs because, due to the shear stress effect, the superficial layer of the biofilm and thus the adsorbed contaminant is continuously removed. By considering that the shear stress has been modeled as a function of L (4.15), when the biofilm thickness is stable (in the figures 3-6 this is visible after 10 days) the shear stress becomes constant. Accordingly, the equilibrium between the contaminant that absorbs on the biofilm and the sorbed contaminant removed from the shear stress has been reached.
In figures 5 and 6 the binding site densities are set to 100 and 1000 respectively. In these two simulations it is possible to note that the adsorption phenomenon occurs only in the external part of the biofilm. Even if not visible in the figure, in the outmost layer of the biofilm the percentage of occupied sites differs from zero. Due to the higher binding site availability, the total amount of adsorbed contaminant on the free boundary increases with the increase of the binding site density ( fig. 5 C1-C4 and 6 C1-C4).
4.1.2.
Case 1b: Effect of adsorption rate. In these simulations different values of the adsorption rate constant K ads,1 have been taken into account ( fig. 7-9 ), while the value of binding site density N b has been fixed equal to 2. As in the previous simulation set, the heterotrophic bacteria predominate the central and the external part of the biofilm, with the autotrophic bacteria are present in the inner layer ( fig. 7-9 A1-A4 ). In figure 7 the contaminant bio-sorbs on a multispecies biofilm system with a sorption rate constant equal to K ads,1 " 5¨10 3 . The biofilm is fully penetrated by the free contaminant and the entire biofilm is affected by the sorption process. According to this, after 1 day simulation time, the concentration of the sorbed contaminants and the percentage of the occupied sites are different from zero ( fig. 7 B1 and C1 ). Going on with the simulation time, the accumulation of contaminant continues where free binding sites are present. According to this the fraction of occupied binding sites increases over the time and reaches a stable value after 20 days ( fig. 7 B3) .
It is interesting to note that the fraction of occupied sites is equal to 100% only in the inner part of the biofilm where there is a lack of substrate (simulations not shown), the growth velocity of the biofilm is very low, and thus the velocity of formation of new binding sites is less than the sorption velocity ( fig. 7 B3 and B4 ). In the external layer of biofilm the substrates are abundant (simulations not shown) and the velocity of the formation of new binding sites is higher than the sorption velocity, for this reason the biofilm is not fully saturated and the equilibrium is reached. As it is possible to see after 20 days simulation time the profile of occupied sites does not change. Figure 8 shows the simulation results for the considered biological system with a K ads,1 " 5¨10 2 . Simulation results confirm that lower value of the adsorption kinetic constant determines a slow adsorption rate, as shown as well in fig. 9. 4.2. Case 2: HMs fractionation in biofilm components. In this special case the fate of two different contaminants that bio-sorb on two different biofilm components has been considered. The same biological system constituted by a heterotrophic autotrophic biofilm described in the previous section has been modelled. In particular, the same biofilm components, X i , i " 1, ..., 4 and the same substrates S j , j " 1, 2 as in the previous case are taken into account. The two contaminants µ 1 and µ 2 are considered to adsorb on heterotrophic biomass X 1 and Inert X 3 respectively. The different affinity of the two contaminants to the different biofilm components follows from experimental observation. Indeed the different nature (e.g gram positive or gram negative) of the microbial species can affect the characteristics of the cell walls in terms of binding sites affinity. Moreover the non-microbial biofilm components, such as Inert and EPS, show very high sorbent capacities. The system is governed by equations (4.1)-(4.13). In particular, the diffusion and the reaction of the two sorbent contaminats µ 1 and µ 2 have been modeled considering a non-reversible mechanism The contaminant adsorption terms are
The same boundary conditions of the previous application have been considered, except for µ 2 that requests a new one: µ 2 pLptq, tq " 4˚10´4. This simulation scenario monitors over time the dynamics of the diffusion/reaction of the two contaminants in the heterotrophic-autotrophic biofilm system, figure 10 and 11. As in the previous simulation set, the heterotrophic bacteria predominate all over the biofilm with a maximum volume fraction on the free boundary. Interestingly, the inert fraction increases over time in the inner biofilm layers (figures 10 A1-A4 and 11 A1-A4). The two free contaminant profiles µ 1 and µ 2 show immediately different trends ( fig. 10,  C1 ) due to the different spatial distribution of the biofilm components on which they adsorb ( fig. 10, A1) . Indeed, after one day simulation time, the inert concentration and thus the related free binding sites fraction is very low (fig. 10 , B1 green line) and can be rapidly saturated, as confirmed by the high percentage of saturated sites of inert, from almost 100% in the external layer to about 40% on the substratum ( fig. 10, B1) . As expected the total amount of adsorbed contaminant µ 2 is very low ( fig. 10, C1) . On the contrary, the percentage of saturated sites on heterotrophic fraction differs from zero only in the external part of the biofilm due to the combined effect of higher concentration of binding sites and shear stress.
After 5 days, the percentage of sites occupied by µ 2 becomes 100% in the external part of the biofilm while in the inner part decreases to 20% ( fig. 10, B2 ) despite the concentration of adsorbed contaminant increases ( fig. 10, C2 ). This is due to the formation of new free binding sites of inert. More precisely, the rate of formation of new binding sites, due to the growth of inert fraction ( fig. 10, A2) , is higher than the adsorption rate of contaminant µ 2 on the same sites. Accordingly, the free metal profile of µ 2 is linear in the external part of biofilm due to the absence of adsorption in this biofilm area ( fig. 10, C2 ). Going on with time simulation (figures 10, A3, B3, C3 and A4, B4, C4) the concentration of adsorbed contaminant µ 2 on inert increases (figs 10, C3 and C4), despite the percentage of occupied sites does not change substantially (figs 10, B3 and B4). The invariance of the percentage of occupied sites can be ascribed to the quasi-equilibrium between the rate of the formation of sites and the adsorption rate.
After 40 days time simulation, despite the inert is not completely saturated, the percentage of occupied sites is close to the 100% in the entire biofilm (fig 11, B2) . This means that the adsorption rate is higher than the formation rate of the new binding sites. Indeed as is possible to see in figures 10, A2, A3 and A4, the biofilm has reached a quasi-stationary configuration in terms of biofilm component distribution and then the inert growth has decreased.
Figure (11, A3) shows the system configuration after 70 days time simulation. The inert is completely saturated with the percentage of occupied sites equal to 100% in the whole biofilm. The µ 2 adsorbed profile reaches the final configuration (fig 11, C3 and C4 ). 
Conclusion
I have introduced a new mathematical model able to reproduce the dynamics of new emerging contaminants in multispecies biofilms. In particular, these contaminants can react with the biofilm matrix and be bio-sorbed by it or they can be directly involved in the microbial methabolism. The model is based on a continuum description of the biofilm material and it is derived by using conservation principles. The model is able to describe the growth of biofilm in terms of spatial distribution of microbial species and the others biofilm components, such as inert material and EPS. The diffusion of the substrates into the biofilm and their uptake from the microbial consortium is considered. The model takes into account the formation of binding sites for each biofilm component, as well as the occupation of the binding sites due to the contaminant sorption. The diffusion and the reaction of the free contaminants, their effect on the microbial growth and substrate degradation are directly taken into account. The application of the model to the real special cases shows that the model can be used to assess dynamically the spatial distribution of one or more free and adsorbed contaminants on a specific biofilm component. In particular, the sorption process on a specific component has been considered. Simulation results show that it is strongly affected by the sorption properties of the specific biofilm component, such as binding sites density and adsorption constant Moreover, the proposed model can be used to evaluate the dynamics of a contaminant that can be sorbed on a microbial component of the biofilm and in the same time this contaminant can influence the biological activity of an other microbial group present in the biofilm. Although the model applications are related to autotrophic-heterotrophic biofilms, the developed framework is general and could be applied to other biofilm systems as it captures many of the characteristics generally observed in biofilm sorption phenomena.
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